We study the existence of nontrivial radial solutions for quasilinear elliptic equations with unbounded or decaying radial potentials. The existence results are based upon several new embedding theorems we establish in the paper for radially symmetric functions.
Introduction
In this paper we study the existence of entire solutions of nonlinear elliptic equations of the form
u(x) → 0, as |x| → ∞, (1.1) where p > 1 and the potentials involved are radially symmetric and may be singular (unbounded, decaying and vanishing). In particular, we are interested in the effect on the solutions structure from the interplay between the quasilinear nature p > 1, the nonlinear growth of f (u) , and the singularities of the potentials A, V , and Q . The motivation for our study here is twofold. First of all, there are the classical works in [7, 18, 23, 24, 28, 33, 34] which give stronger results for existence of radially symmetric solutions, and classical works in [20] [21] [22] 34] which assert stronger embedding results for functions in radially symmetric class. There has been a revived interest in recent years to further explore along this line of work (e.g., [5, 8, 13, 14, 29, 31, 32, 35] ). In this paper, in particular, we would like to examine the effects of the singularities and vanishing of the potentials A, V , and Q on the ranges of embedding and on the existence of solutions. Secondly, in the recent study of semiclassical states of nonlinear Schrödinger type equations people have tried to investigate the effects of the singular and decaying potentials. Some interesting work has been done such as in [1, 2, 4, 6, [8] [9] [10] [11] 17, 19, [25] [26] [27] 30] . In this paper on one hand we extend some of the recent embedding results for radially symmetric functions to more general cases allowing in particular weighted p-Laplacian operator involved here; on the other hand our results further reveal relations between the growth and decay of the potentials and the ranges of embedding. This may be useful information in the study of semiclassical states of nonlinear Schrödinger equations. As applications of our embedding results we establish a general existence result for Eq. (1.1).
We assume that the weight functions A, V and Q satisfy the following assumptions. The existence and embedding results depend on the behaviors of these potentials near 0 and near infinity. Let us define the index q * according to the relations between p, and a, b by
and define the indices q * , q * * according to the relations between p, 0 and a 0 , b 0 by
We introduce some notations of function spaces. Let C ∞ 0 (R N ) denote the collection of smooth functions with compact support and
Indeed, by similar arguments to that used in [15] we have that 
In Sections 2 and 3 we will first establish various embedding results from W
with the range of q depending upon the various indices we defined above. Using these embedding results we can establish some existence results on Eq. (1.1). To state such a result we make the following assumptions on f .
The existence result in this paper is the following theorem. We close up this section with a few further remarks and comments. This paper is a continuation of our earlier works [31] and [32] . In [31] , we developed a unique variational framework for (1.1) with p = 2, A = 1 and f (u) = |u| q−2 u by establishing some embedding theorems of Sobolev type for radial functions and unified many known partial results for the existence of ground state solutions which was established by a variety of different methods (e.g., [5, 13, 14, 18, 23, 24, 29, [33] [34] [35] ). In [32] , we extended and developed the ideas and techniques in [31] to (1.1) with p = 2, A = 1 and f (u) = |u| q−2 u and established more general Sobolev type embedding results in radial function spaces with potential which may be unbounded, decaying and vanishing. In the current paper, we deal with the existence of nontrivial solutions for the singular quasilinear elliptic equations by building more general type of weighted Sobolev embedding. The embedding results here improve the ones in [31, 32] to including applications to anisotropic type equations. The paper is organized as follows. In Section 2 we give some inequalities involving radial functions, extending some known inequalities to more general cases; in Section 3 we establish some Sobolev type embedding results which extend the result in [31, 32] , and these results may be of independent interests. In Section 4 we use the embedding results to study solutions of Eq. (1.1).
Some inequalities involving radial functions
In this section we prove some inequalities on radial functions which are of their own interests. The proof is similar to that in [32] we omit here. Lemma 2.1 extends the result in [32] which was for α = 0. The case α = 0, p = 2 (known as Ni's inequality) was due to [23] where this inequality was given in the unit ball of R N .
Lemma 2.1 (Weighted version of the radial lemma). Let
α ∈ R be such that 1 < p < N + α. Then for all u ∈ D 1,p r (R N , |x| α ), the completion of C ∞ 0,r (R N ) under u r,α := R N |x| α |∇u| p dx 1 p , it holds u(x) C |x| − N+α−p p u r,α , (2.1) where C := C (N, p, α) = ω − 1 p N p − 1 N + α − p p−1 p
Lemma 2.2 (Weighted Hardy inequality). Let
Proof. By a standard density argument, it suffices to consider the case that u ∈ C ∞ 0,r (R N ). For such a u, by using Lemma 2.1, we obtain
where the constant C was given in Lemma 2.1. It follows that
depends only on p, q, α and N. The proof is finished. 2
We may regard (2.2) as an extension of the Caffarelli-Kohn-Nirenberg inequality [12] , which was also considered in [16] . Our direct proof here follows the idea of [28] where the case that α = 0 and p = 2 was considered. The above proof is also valid for the case p = q and then a weighted version of the Hardy inequality [12] is obtained.
Now we give some radial inequalities which involve the conditions on A and V . First we note that under (A) and (V ) the functional 
Proof. By a standard density argument, it suffices to prove (2.4) for u ∈ C ∞ 0,r (R N ). It follows from (A) and (V) that there exists R > 0 such that for some constant 
Proof. It follows from (A) and (V) that there exists r 0 > 0 such that for some constant C 0 > 0, 
Then from above arguments we have
where the constant 
. This is an improvement of the classical Strauss radial lemma in [34] where this inequality was given on exterior spherical domain |x| 1 for the case p = 2, A = V = 1, and of the work [29] where the case p = 2, α = 0, a 0 was considered.
Embedding results
In this section we establish the main embedding results in this paper. First we have
Lemma 3.1. Assume (A), (V) and (Q). Let
is compact. 
implies (3.4).
By (A), (V) and (Q), there exist
For R > R 0 and 0 < r < r 0 , we estimate the integrals 
Then* implies
With the same function φ given above, we have by Lemma 2.5 that for r < Then for any q p, it always holds 
Then* implies that 
it follows from (3.6)-(3.8), (3.9)-(3.12), Lemma 3.1 and (3.2) that (3.4) holds which contradicts (3.3). Therefore the embedding is continuous.
, we can get (3.4) in a similar way by the fact that 2, 3, 4) . Therefore the embedding is compact.
The proof is completed. 2 
Furthermore, the embedding is compact for max{q * , q * * } < q < ∞.
Proof. We only need to estimate B r Q (|x|)|u| q dx for 0 < r r 0 , where r 0 is given above, the other parts of the proof are similar to the corresponding ones of Theorem 3.2 and are omitted. It follows from* * that
With the same function φ given above, we have by Lemma 2.5, for r < 
The proof is completed. 2 When a −p + , we have
We take the same function ψ as above and use the same argument for (3.10). Then by Lemma 2.3, In this section as an application of the embedding results in Section 3 we prove Theorem 1.1 by using Mountain Pass Theorem and its symmetric version [3] . In the following we denote
We first observe that a solution u ∈ E of (1.1) corresponds a critical point of the functional
In fact, by ( f 1 ), ( f 3 ) and the embedding results built in Section 3, Φ is well defined on E and Φ ∈ C 1 (E, R) with
We consider the case that q * and q * are well defined. The other cases are similar.
As f (0) = 0, (1.1) has a trivial solution u ≡ 0. By ( f 3 ), we have for some C > 0,
(4.1)
Hence for u ∈ E, by Theorem 3.2, we have
Since p q * < q 1 q 2 , there exist ρ > 0 and η > 0 such that
From this and (4.1) we see that q * μ q 2 < q * . For u ∈ E, by the embedding results again, it follows
Thus there is e ∈ E with e E > ρ such that Φ(e) < 0.
(4.4)
Now we show that Φ satisfies the Palais-Smale condition. Let {u n } ⊂ E be such that 
Therefore {u n } is bounded in E. Up to a subsequence, we assume there exists u ∈ E such that u n u in E, (4.6)
by the compactness of the embedding. (4.8) and the assumptions on f imply that 
